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The E-Plane Taper Junction in
Rectangular

LEONARD LEWIN,

Abstract-This paper compares formufss for reffeetion in rwtangdsr

wavegufde from an E-plane junction with rsdiaf guide. There is a major

diserepaaey between results for the jmretion parameters from earfier

remdts of the author and those in the Wawguide Handbook. The two sets

of resufts are disenss.@ tie Handbook result is apparently in error, bnt the

fornmfas do not seem capable of reconciliation. Lfrrdtations and sfigbt

improvements on the author’s esrfier reauft are give% together with

supportfq measurements taken at X band.

L INTRODUCTION

T HE STRAIGHT GUIDE to taper section is a com-

mon element in microwave hardware. Its properties

were examined by the author in the late 1940’s, and

results of a rather simple analysis were published in 1949

[1]. They were used to design a matched transition at the

junction between a waveguide and horn, and measure-

ments confirmed the theoretical predictions quite closely.

In 1951, results of a much more sophisticated quasi-static

analysis were published [2], and presumably both sets of

results have been used by engineers in the intervening

period. It was recently drawn to the author’s attention

that the two analyses are not in agreement, and attempts

at explaining the differences are reported on here.

II. APPROXIMATE FIELD-MATCHING FORMULA

Since the earlier quoted publication may not be readily

available now and the analysis is quite short, it is repeated

here for convenience. Fig. 1 shows the guide-to-taper

junction, with the vertex of the tapered section located a

distance rO beyond the junction. In the rectangular guide

it is assumed that only the dominant mode need be taken

into account, so that the relevant fields are

Ey = (e-JH’+ R#’z) sin (mx/a)

Hx = –ij(e ‘Jk-? _ &#’z) sin (77~/C?)(k’/k) (1)

where

a guide width,

k 27T/A,

27r/Ag,

::As free space and guide wavelengths,

R dominant mode reflection coefficient,

~ = (60/ po)’/2 the wave admittance in free space.

A time dependence ej”~ is suppressed.
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Fig. 1. Guide-to-taper junction.

In the tapered section, again only a dominant cylindri-

cal mode is assumed, and it takes the form

E+= THf2J(k’r) sin (mx/a)

HX = – fjTHf2)(k’r) sin (mx/a)(jk’/k) (2)

where T is a transmission coefficient.

The two field forms must be equated at the junction.

The continuity of tangential fields has to be applied at all

points of the junction cross section, and it is clear that this

cannot be done exactly with the assumed fields. However,

to the extent that r varies little over the junction, an

approximate result can be obtained by equating the fields

at the junction center r = ro. The resulting equations are

1 + R = TH[21(k’rO) 1 – R =jTH~2)(k’rO). (3)

Hence, the junction admittance Yin (normalized with re-

spect to the waveguide) is

Y,n = (1 – R)/(l + R) =jHj2)(k’rO)/Hf2) (k’rO). (4)

Now, since it has been assumed that r varies little over the

junction, we must consider k’ro to be large (just how large

is considered later), so that the asymptotic forms of the

Hankel functions can be used. Finally, using the relation
r. = ~ b cot +., where +0 is the half-angle of the taper, gives

the result found in [1]

Y,n= 1 +j/(k’b cot O.). (5)

III. DISCUSSION OF THE APPROXIMATE FORMULA

The parallel susceptance from (5) is capacitive, but

since k’ occurs in the denominator, the slope is opposite

that of a genuine capacitive element. Hence, as discussed
in the reference, the taper behaves more like a negatioe

0018-9480/79/0600-0560$00.75 01979 IEEE



LEWIN: E-PLANE TAPER JUIWXION IN RECTANGULAR WAVEGUIDB

inductance shunted across the guide at the junction, and

can be matched on a broad-band basis by a simple

inductive diaphragm whose dimensions are readily calcu-

lated. Early experiments indicated that this broad-band

cancellation was in fact achieved, and final results on a

matched horn were measured with the taper junction

matched in this way [3].

Clearly, a true negative inductance cannot exist, and

the above result is partially due to the approximations

used. The matter can be rectified very simply by inverting

(5) to give to the same degree of approximation as used in

going from (4) to (5):

Zin= 1/ Y,n=l –j/(k’b cot +.). (6)

The interpretation, now, is simply that the junction be-

haves like an ordinary series capacitance. Fairly broad-

band matching with a shunt inductance follows from the

approximate constant-resistance network equivalence of

the arrangement [3].

For the results to be valid, two conditions must be

satisfied. For the asymptotic formulas of the Hankel func-

tions to be used, we need

k’ro=~k’bcot$o>l. (7)

For r to be approximately constant over the cross section,

we need in addition

k’[(r:+ b2/4)1’2–rO] <<l (8)

which can also be written

k’b tan (4./2)< 1. (9)

For most rectangular waveguides, used near the center of

their range, we have a x2bx&/2 so that k’b in the above

equations is around T/2. Thus both (7) and (9) in the

usual guide range can be considered as setting limits on

@O.The limits set by (7) are easy to assess from tables of

Bessel functions. Thus we find

Hf2)(x)/jH~2)(x) = 1.02 –jO.24, when x = 2

= 1.07 – jO.45, when x = 1

whereas, (6) would give 1 –jO.25 and 1–jO.5, respectively,

in the two cases. Clearly, if we can tolerate an error of a

few percent, we can take a value x = 7r/2 to give

k’b cot @O>~ (lo)

as one limit.

The expression on the left of (9) is twice the phase

deviation from uniformity over the aperture. If we denote

the permissible phase error by Al, and use the lower limit

in (10), then (9) gives

tan $0 tan (@O/2)< 2At/.J/7r. (11)

Thus @O=20° corresponds to a phase error of A+= 5.7°,

which seems a reasonably small error for a total taper

angle of 40°. (Most of the tapers used in the experiments

reported in [3] were well below this size.) If we use

k’bm~/2 in (10) we would need tan d.< 1/2. or &<27°.
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Fig. 2. Quasi-static equivalent circuit.

Thus for the usual values of waveguide dimensions, it is

(9) that sets the more severe limit on +..

In summary, (6) for the junction impedance is to b)e

preferred to (5) for the admittance; (7) and (9) set limits

for b and @O,such that, for most guides, an upper limit to

@Oaround 20° is encountered. But for any value of k’b

there will always be a value of *O small enough to ensure

that both restrictions are met, and as @O-O, the results

should be quite accurate in any case. Results for compari-

son with the Handbook equations will, therefore, be takcm

for fixed b/A~ and small taper angle, where the above

formulas should be the most accurate.

It should, perhaps, be pointed out that (8) is taken from

a phase requirement, and that there will also be a corre-

sponding amplitude variation. This, however, will be quite

small when (8) is satisfied, and it is the phase discrepancy

which sets the limit to the accuracy of the field matching.

Of course, the present method does not yield the increas6>d

field concentration adjacent to the convex corner at the

junction, such as would be expected to exist from a

consideration of the static case.

IV. THE WAVEGUIDE HANDBOOK FORMULA

The circuit parameters were stated to be obtained by a

“simple equivalent static method,” but no details were

published. It leads to a more complicated equivalent

circuit than the method of Section II; for convenience it is

repeated here in Fig. 2, with the circuit parameters given

by

(’12)Y(rJ)/ Y] =sin (6)/0

B=/ Y,= (2mb’/Age) log (e Cosec e) ([3)

BC/ Y, = (2b’/&)[y+~(O/n)] ( 14)

where y is Euler’s constant, 0.5772 . . . .

The notation of the Handbook has been retained; O is

the same as @O,and b’ is the same as b/2 of the previous

sections. (The Handbook notation is changed here to b’ to

prevent confusion with b in comparing results.) The V

function is not, as commonly used, the logarithmic deriva-

tive of the gamma function, but of the factorial function.
Thus ~(x) = d/ dx log 17(1+ x), and is the function tabu-

lated in Jahnke and Emd&’s “Table of Functions” [4]. It

differs from the usual logarithmic derivative by an extra

term 1/x coming from r(l + x) = xr(x). From the krmwn
properties of the gamma function [5] we have
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+lOgr(l+x)=–y+x$j
1

atx=O
1 n(n+x) ‘–y’

~lOgr(l+x)=jj 1 = T2/6, atx=O.
1 (x+ n)2

Hence, using a Taylor expansion for small x

W(x)= –y+xm2/6+ ””.. (16)

Using these results we find, for small 0, that

Y(r2)/ Y, = 1+ 0(02)

B.= BC= (2d’O/6Ag)[ 1+0(02)] (17)

Bb = (3&/2 nb’6)[ 1 +0(82)].

As 9e0, B= and BC approach zero, B~ (which is a series

element) becomes infinite, and the circuit reduces to a

matched termination. But, for 8 small but not zero, the

equivalent circuit gives, for the input admittance:

Y1n=jB~ + [ 1/(1 +jBc)+ l/(–jBb)]’1

Sl+j(B~+BC–l/Bb) (18)

where B., B=, and 1/B~ are all small. For small 0, this is

the result for comparison with (5). Unfortunately, when

[17] is used in [18], we get a susceptance (2nW/3/&)(l/6+

1/6 – 1/3)= O, so there is no surviving term which is first

order in 0, and a proper comparison is not possible.

V. DISCUSSION OF THE HANDBOOK FORMULA

According to the Waveguide Handbook the formulas are

valid for 2b’/A~ <<1, with an estimated accuracy of a few

percent when 2b’/A~ <0.1. There is no stated restriction

on 0, and it should certainly be permissible to use the

small O limits.

In correspondence, Dr. Marcurvitz, who was kind

enough to go through his early notes on the subject,

writes, “I suspect the equivalent circuit parameter for B~

may be written down incorrectly, since a result in my

notes for a single lumped susceptance approximation is

j(B. + B=), which apparently is not the result derivable
from the equivalent circuit and appears to indicate that

the Bb term in the Handbook is not correct.”

The term (Ba + B,) alone is 2~b’8/3& whereas, in the

same notation, (5) gives O&/4~b’. The former expression

is supposedly valid for small O and small (b’/&), and the

latter for small 6 and large (b’/O&). Hence, the results

can be in no way reconciled in the common range of
small b’/&, and small enough O. The coefficients of 8 are

seen to be the same when b( = 2b’) = 0.39&,, which is much

larger than the usual guide size. For b= &/4, the formulas

differ by a factor 2.43, the Handbook result being the

smaller. Both these values of b are greater than the O.l~g
value suggested in the Handbook for accuracies of a few

percent. For even smaller values of b/&, the discrepancy

between the two results is, of course, still greater.

Some theoretical support for the structure of the

Handbook formula can be obtained in a simple way from

a consideration of the static limit (~g~ co) as follows. For

a given value of electric field, the voltage across the guide

is proportional to b, whilst the excess electric charge in a

region near the junction would be proportional to b also.

Thus the excess capacitance C of the junction region is

independent of b. The guide impedance Zg is proportional

to (bA/Q so the parameter tiCZg, which measures the
junction susceptance effect, would thus be proportional to

(b/As), as found above, but only in the limit for large A..

The field-matching formula is contingent on (b/@&)

being large, and is not, in this sense, a static formula. In

fact it depends essentially on the wave in the tapered

section being in a “propagating” condition at the throat of

the taper, which is a dynamic, not a static, requirement.

This may account for the basic difference in the two

results, but does not indicate which should be the more

accurate in the common region of moderate b/X~ and

small enough f3 or +..

VI. MEASURED RESULTS

The measurements reported in [3] were taken some 30

years ago, and are no longer available. In order to help

settle the validity of either of the two junction formulas,

an X-band taper section was constructed with a taper

semiangle +0 of 120, well within the expected limits of

validity for (6). The taper length was 12 in, as shown in

Fig, 3, and the reflection into the guide was measured

from 8.2– 11.1 GHz. Because of the mismatch at the horn

mouth, there is a beat between the horn mouth and the

junction, the number of maxima corresponding to the

12-in taper length being 8 in the measurement band. The

results are shown in Fig. 4.

The magnitude of the horn reflection is known from the

well-known Wiener–Hopf analysis [6] for a parallel-plate

waveguide, and it should be fairly close for the tapered

horn with an aperture in the E-plane of some 6 in. By

combining the figures at the maxima in Fig. 4, with the

values of the minima on either side, values can be ob-

tained for RI? R2, where R, and R2 are, respectively, the

magnitudes of the reflection from the horn mouth and the

junction. There is a built-in ambiguity as to which is

which, but by comparison with the theoretical figure from

the horn, given by [6]

R]= (2a/A –2a/&)e– 1/2~a (19)

the ambiguity can be removed.

The results of this calculation are shown in Fig. 5, from
which it can be seen that

1)

2)

3)

the measured and theoretical values for the horn

mouth are in close agreement, the measurements

being a little on the low side;

the measured values for the junction are close to, but

a little lower than, the values indicated by (6), and

the slopes are comparable;

there is no agreement with the Handbook values,

either in magnitude or slope (the Handbook figure

was taken from B.+ BC= 2~b’/3&).

The discrepancies between measurements and theory are
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ments fall below the theoretical values indicates either a

small systematic error, or a slight overestimation by thle

theory. In any case, for the present purpose of distinguish-

ing between the two available theories, the figures are

quite adequate.

VII. CONCLUSIONS

It would appear that the Handbook equations are in

error, at least as far as the series element is concerned, but

even so, the other susceptance formulas appear to It>e

incompatible with the measurements since the factor b/,\

increases with frequency, whilst the measured values show

a decrease. There seems to be no obvious way of reconcil-

ing these results. The measurements are, however, in close

agreement with (5) and (6). The latter is preferred since

the equivalent circuit reduces to a simple series capacitor,

with ordinary (positive) capacitance. In the static limit, for

a fixed taper angle, neither of these equations will U1ti-

mately apply. However, in the usual waveguide range and

for taper angles that are not too great, they are well within

their proper range of validity, and can be used with

confidence for taper design.
12

f+(GHz)

Fig. 4. Measured reflection from the taper and horn mouth.

b/A

0271 0305 0338 0372 0406
\ 1

+ \
z \

– -– HORN, THEORY
~ 012 -

\
xx HORN, MEASURED

z A \ — JUNCTION, THEO RY, eq (6)
x

: 0 l~\x ‘.\\ JUNCTION, MEASURED
‘.O— JUNCTION, THEoRY

l,, (H AN OBOOK) i

a~~
II 12

f --( Gtiz)

Fig. 5. Comparison of measured and theoretical values.

about 0.01 –0.02 in reflection coefficient. It was estimated

that the experimental error for the equipment used was

about 0.01, but the consistency with which the measure-
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